Noncommutative Balls and Mirror Quantum Spheres by Hong, Jeong Hee & Szymanski, Wojciech
ar
X
iv
:m
at
h/
07
01
79
9v
2 
 [m
ath
.O
A]
  4
 A
ug
 20
07
NONCOMMUTATIVE BALLS AND MIRROR QUANTUM SPHERES
JEONG HEE HONG† AND WOJCIECH SZYMAN´SKI‡
Abstract. Noncommutative analogues of n-dimensional balls are defined by repeated
application of the quantum double suspension to the classical low-dimensional spaces.
In the ‘even-dimensional’ case they correspond to the Twisted Canonical Commutation
Relations of Pusz and Woronowicz. Then quantum spheres are constructed as dou-
ble manifolds of noncommutative balls. Both C∗-algebras and polynomial algebras of
the objects in question are defined and analyzed, and their relations with previously
known examples are presented. Our construction generalizes that of Hajac, Matthes and
Szyman´ski for ‘dimension 2’, and leads to a new class of quantum spheres (already on
the C∗-algebra level) in all ‘even-dimensions’.
0. Introduction
Just as classical spheres appear in variety of contexts, their quantum analogues may
be studied from many a different perspective. One of the most common strategies is to
view them as homogeneous spaces of compact quantum groups [22, 9, 30, 14]. In addi-
tion to quantum symmetry considerations, homological approach in the spirit of Connes
noncommutative geometry has recently become prominent. Indeed, examples of quantum
spheres have been constructed via Chern character techniques [6]. We refer the reader to
[7] for an overview of various constructions of quantum spheres.
Other noncommutative analogues of classical topological methods have also been used
in the study of quantum manifolds, and quantum spheres in particular. Among them,
noncommutative analogues of the classical suspension were used explicitly or implicitly
by several authors. Quantum double suspension was applied systematically in [15, 3], and
noncommutative Heegaard splitting was used in [21, 4, 12, 2].
The main purpose of the present article is to relate quantum spheres to noncommuta-
tive balls, and to examine them from two other natural topological perspectives. Firstly,
we realize quantum spheres as boundaries of noncommutative balls. Secondly, we con-
struct quantum spheres by gluing as ‘double manifolds’ of noncommutative balls. Even
though the latter technique goes back to [28], only recently has it been used to produce
new examples of ‘two-dimensional’ mirror quantum spheres [13], and we generalize this
approach to ‘higher dimensions’.
In Section 2, working with arbitrary unital C∗-algebras and their generators, we show
how to perform the quantum double suspension operation not only on the C∗-algebra
level as in [15] but also on the level of a dense ∗-subalgebra (of polynomial functions).
In Sections 3 and 4, we use this procedure to construct noncommutative balls in all ‘di-
mensions’ via repeated application of the quantum double suspension to a point (‘even
dimensions’) and to a closed interval (‘odd dimensions’). In Theorems 3.1 and 4.2, we
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present the resulting algebras in terms of convenient generators and relations. Remark-
ably, it turns out that in the ‘even-dimensional’ case our relations are essentially identical
with the Twisted Canonical Commutation Relations of Pusz and Woronowicz [24].
The C∗-algebra C(B2nq ) of the noncommutative 2n-ball is generated by n elements
z1, . . . , zn. Their commutation relations imply that
∑n
i=1 ziz
∗
i ≤ 1. Thus, it is natural to
consider the quotient of C(B2nq ) by the ideal generated by 1 −
∑n
i=1 ziz
∗
i as the algebra
of functions on the boundary ∂B2nq of this noncommutative ball. In fact, there is a
natural identification of this boundary with the quantum unitary sphere S2n−1µ . Similar
considerations apply in the ‘odd-dimensional’ case as well, with the boundary ∂B2n−1q
identified with the Euclidean quantum sphere S2n−2µ .
In Sections 5 and 6, we construct the noncommutative double manifold Snq,β of B
n
q , by
gluing two copies of Bnq along their common boundary ∂B
n
q . On the C
∗-algebra level,
C(Snq,β) is defined by the pull-back C(B
n
q ) ⊕β C(B
n
q ) over C(∂B
n
q ). This construction
involves the choice of an automorphism β of C(∂Bnq ), responsible for the identification of
the boundaries of the two noncommutative balls. Polynomial algebras O(Snq,β) are then
defined by a suitable choice of generators inside C(Snq,β).
In the ‘odd-dimensional’ case, it turns out that the isomorphism class of the C∗-algebras
C(S2n−1q,β ) does not depend on the choice of β. Moreover, these glued quantum spheres
S2n−1q,β can be naturally identified with the unitary quantum spheres (Proposition 6.1).
The situation is quite different in the ‘even-dimensional’ case. Indeed, we find an auto-
morphism β of C(∂B2nq ) such that the C
∗-algebra C(S2nq,β) is not even stably isomorphic to
C(S2nq,id) (Corollary 5.4). This happens in spite of the fact that these two C
∗-algebras (of
type I) have homeomorphic primitive ideal spaces and isomorphic (classical) K-groups
(Theorem 5.3). For such a β, we call S2nq,β mirror quantum sphere. Our construction
generalizes that of [13] carried for ‘dimension 2’. While S2nq,id may be naturally identified
with the Euclidean quantum spheres (Proposition 5.1), the mirror quantum spheres S2nq,β
are new (already on the C∗-algebra level).
Finally, in Section 7, irreducible representations of the C∗-algebras of noncommutative
balls Bnq and of the mirror quantum spheres S
2n
q,β are presented.
Acknowledgements. The second named author would like to thank Piotr Hajac and
the entire team of the program in Noncommutative Geometry and Quantum Groups for
their warm hospitality during his stay in Warsaw in March–May 2006.
1. The double of a noncommutative space
Let X be a compact manifold with non-empty boundary ∂X . Given a homeomorphism
f : ∂X → ∂X of the boundary, the classical topological gluing construction yields a
double X ∪f X of X . To translate this picture into the language of C
∗-algebras, let C(X)
be the commutative C∗-algebra of continuous complex-valued functions on X , and let
C∂X(X) denote the continuous complex-valued functions on X vanishing on ∂X . Then
C∂X(X) is an essential ideal of C(X). If π : C(X) → C(∂X) is the surjection given by
restriction then we have an exact sequence of commutative C∗-algebras
(1) 0 −→ C∂X(X) −→ C(X)
pi
−→ C(∂X) −→ 0.
The C∗-algebra C(X∪fX) is isomorphic to the pull-back of C(∂X) along two surjections
π : C(X) → C(∂X) and f∗ ◦ π : C(X) → C(∂X), where f∗ : C(∂X) → C(∂X) is the
automorphism dual to f .
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Remark 1.1. An imbedding of X into a Euclidean space (Rn or Cn) gives rise to a dense
∗-subalgebra O(X) (the polynomial algebra) of C(X), generated by the restrictions of
the coordinate functions to X . Clearly, we have π(O(X)) = O(∂X). Furthermore, ∂X
is the intersection of X with an affine variety if and only if O(X) ∩ C∂X(X) is dense in
C∂X(X) in the sup norm topology.
In the present article, we are concerned with noncommutative analogues of the afore-
mentioned classical setting. Let A be a unital C∗-algebra (not necessarily commutative),
J be an essential proper ideal of A, and π : A → B = A/J be the natural surjection.
Thus, we have an essential extension
(2) 0 −→ J −→ A
pi
−→ B −→ 0.
Suppose that β is an automorphism of B. Then we define A⊕βA, the double of A, as
(3) A⊕β A = {(x, y) ∈ A⊕A : π(x) = (β ◦ π)(y)}.
That is, A⊕β A is the C
∗-algebra defined by the pull-back diagram
A⊕β A
pr2−−−→ A
pr1
y yβ◦pi
A
pi
−−−→ B
The following proposition follows at once from our definitions.
Proposition 1.2. Let β and γ be such automorphisms of B that γ−1β admits a lift to an
automorphism α of A, that is πα = (γ−1β)π. Then the map A⊕β A→ A⊕γ A given by
(x, y) 7→ (x, α(y)) is an isomorphism between these two C∗-algebras.
Combining (2) with (3) we get the following exact sequence for the double A⊕β A:
(4) 0 −→ J ⊕ J −→ A⊕β A −→ B −→ 0,
which may be used to determine structural properties and invariants of the double.
Remark 1.3. Throughout this article, an important role is played not only by C∗-algebras
but also by their polynomial subalgebras. Thus, if A is a C∗-algebra, as above, we will
also consider a dense ∗-subalgebra O of A, the polynomial algebra of A. Then π(O) will
play the role of a polynomial algebra of B. In our examples, the following two additional
conditions will be satisfied; firstly, O ∩ J will be dense in J (cf. Remark 1.1), secondly,
the automorphisms β of B will be algebraic in the sense that β(π(O)) = π(O).
2. The quantum double suspension
Let {ξj : j = 0, 1, . . .} be the usual orthonormal basis of ℓ
2(N). We denote by {Eij :
i, j = 0, 1, . . .} the system of rank one matrix units such that Eij(ξk) = δjkξi. Then
span{Eij : i, j = 0, 1, . . .} coincides with the algebra K of compact operators. We denote
by V the unilateral shift V (ξj) = ξj+1. We also denote by z = id the standard unitary
generator of C(S1) with S1 the unit circle in C.
Let A be a unital C∗-algebra. In [15], the quantum double suspension Σ2A of A was
defined as the unital C∗-algebra for which there exists an essential extension
(5) 0 −→ A⊗K −→ Σ2A −→ C(S1) −→ 0
whose Busby invariant C(S1) → M(A ⊗K)/A⊗ K sends z to the image of 1 ⊗ V under
the natural surjection M(A⊗K)→M(A⊗K)/A⊗K. The following proposition follows
easily from the definition of the quantum double suspension and its proof is omitted.
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Proposition 2.1. The quantum double suspension Σ2A of A is isomorphic with the C∗-
subalgebra of A⊗ B(ℓ2(N)) generated by A⊗E00 and 1⊗ V .
In what follows, we identify Σ2A with the C∗-algebra of Proposition 2.1. Using this
proposition one easily derives the following useful universal property of the quantum
double suspension.
Proposition 2.2. The quantum double suspension Σ2A of A has the following universal
property. If B is a unital C∗-algebra, T is an isometry in B (that is, T ∗T = 1), and
ψ˜ : A → B is a ∗-homomorphism such that ψ˜(1) = 1 − TT ∗, then there exists a unique
∗-homomorphism ψ : Σ2A → B such that ψ(1 ⊗ V ) = T and ψ(a ⊗ E00) = ψ˜(a) for all
a ∈ A.
We want to work with the quantum double suspension in the following setting. A
unital C∗ algebra A plays the role of a deformed function algebra on a compact manifold.
The deformation parameter is denoted q and belongs to (0, 1), with q = 1 being the
classical case. Furthermore, x1, . . . , xn are distinguished elements of A generating a dense
∗-subalgebra (the polynomial algebra). There is no canonical way to define a polynomial
algebra inside Σ2A and one has to make a choice. Using the notation introduced earlier in
this section, we select the following generators X1, . . . , Xn, Xn+1 of the polynomial algebra
of Σ2A:
Xj = xj ⊗
∞∑
k=0
qk/2Ekk(6)
=
∞∑
k=0
qk/2(1⊗ V )k(xj ⊗ E00)(1⊗ V
∗)k, for j = 1, . . . , n,
Xn+1 = 1⊗
∞∑
k=0
√
1− qk+1V Ekk(7)
=
∞∑
m=0
(√
1− qm+1 −
√
1− qm
)
(1⊗ V )m+1(1⊗ V ∗)m.
Clearly, X1, . . . , Xn+1 all belong to Σ
2A and generate its dense ∗-subalgebra. Furthermore,
the above choice of generators for Σ2A yields the following identities.
XjXn+1 = q
1/2Xn+1Xj , j = 1, . . . , n,(8)
XjX
∗
n+1 = q
−1/2X∗n+1Xj , j = 1, . . . , n,(9)
X∗n+1Xn+1 − qXn+1X
∗
n+1 = 1− q.(10)
An easy calculation yields the following identity, relating {Xj : j = 1, . . . , n + 1} to
{xj : j = 1, . . . , n}, which will be very useful later in this paper.
(11) 1−
n+1∑
j=1
XjX
∗
j =
(
1−
n∑
j=1
xjx
∗
j
)
⊗
∞∑
k=0
qkEkk.
Remark 2.3. Other natural choices of generators of Σ2A are also possible. For example,
one might set Xj = xj ⊗
∑
∞
k=0 q
kEkk, j = 1, . . . , n in (6), with Xn+1 as in (7). Then in
formulae (8)–(9) we get q and q−1 instead of q1/2 and q−1/2, respectively.
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3. The ‘even-dimensional’ noncommutative balls
3.1. The algebra. In [15], the C∗-algebras C(B2nq ) of continuous functions on ‘even-
dimensional’ noncommutative balls were defined inductively for all n as follows:
C(B0q ) = C, C(B
2(n+1)
q ) = Σ
2C(B2nq ).
In this definition the parameter q is not explicitly involved, but it will become visible with
a suitable choice of a dense ∗-subalgebra (polynomial algebra), below.
To begin with, we describe basic properties of these C∗-algebras (cf. [15, 20]). As shown
in [15], C(B2nq ) is isomorphic with the C
∗-algebra C∗(Mn) of a directed graph we call Mn.
This graph consists of n + 1 vertices {v1, . . . , vn+1}, and edges {ei,j : i = 1, . . . , n, j =
i, . . . , n+1} such that the source s(ei,j) of ei,j is vi and its range r(ei,j) is vj . In particular,
Mn contains a unique sink vn+1 (vertex emitting no edges), and from every other vertex
there is a path to this one. For example, graph M3 looks as follows.
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Then C∗(Mn) is, by definition, the universal C
∗-algebra generated by mutually orthog-
onal projections {Pi : i = 1, . . . , n + 1} (corresponding to the vertices of the graph) and
partial isometries {Si,j : i = 1, . . . , n, j = i, . . . , n + 1} (corresponding to the edges),
subject to the relations: S∗i,jSi,j = Pj and Pi =
∑n+1
j=i Si,jS
∗
i,j. Now the ideal structure
of C(B2nq ) follows from the general theory of graph algebras [1, 16]. In particular, its
primitive ideal space consists of n circles and one point. Similarly, the results of [25] yield
the K-theory of C(B2nq )
∼= C∗(Mn) as K1(C(B
2n
q )) = 0, and K0(C(B
2n
q ))
∼= Z generated
by the class of identity [1]0.
The following theorem provides a convenient set of generators for C(B2nq ), which may
be regarded as q-deformed complex coordinate functions on a unit ball in Cn.
Theorem 3.1. C(B2nq ) is isomorphic with the C
∗-algebra C∗(z1, . . . , zn), universal (with
respect to representations in bounded operators) for the relations
zizj = q
1/2zjzi for i < j,(12)
ziz
∗
j = q
−1/2z∗j zi for i < j,(13)
z∗i zi − qziz
∗
i = (1− q)
(
1−
n∑
j=i+1
zjz
∗
j
)
for i = 1, . . . , n.(14)
Proof. At first we observe that the universal norm for relations (12)–(14) is finite. Indeed,
(14) with i = n yields z∗nzn = qznz
∗
n + 1 − q. Since ||z
∗
nzn|| = ||znz
∗
n|| = ||zn||
2 and q 6= 1,
this gives ||zn|| = 1. Then proceeding by reverse induction on i we deduce from (14) that
the norms of all z1, . . . , zn are universally bounded.
To prove the main part of the theorem, we proceed by induction on n. If n = 1
then the claim is that C(B2q ) is isomorphic with the C
∗-algebra C∗(z1), universal for the
relation z∗1z1 − qz1z
∗
1 = 1 − q. The latter is nothing but the Klimek-Lesniewski algebra
of the quantum disc, isomorphic with the Toeplitz algebra [19]. On the other hand,
C(B2q )
∼= C∗(M1) (the quantum double suspension of the complex numbers) is the graph
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algebra known to be isomorphic to the Toeplitz algebra. This establishes the base for
induction.
For the inductive step, suppose C(B2nq )
∼= C∗(z1, . . . , zn). Let C
∗(Z1, . . . , Zn+1) be
the universal C∗-algebra for relations (12)–(14), with n replaced by n + 1. We must
show that there exist ∗-homomorphisms φ : C∗(Z1, . . . , Zn+1) → Σ
2C∗(z1, . . . , zn) and
ψ : Σ2C∗(z1, . . . , zn)→ C
∗(Z1, . . . , Zn+1) such that ψ ◦ φ = id and φ ◦ ψ = id.
To construct φ, we map Z1, . . . , Zn+1 to the n+ 1 generators of Σ
2C∗(z1, . . . , zn) given
by formulae (6)–(7). That is,
φ(Zi) = zi ⊗
∞∑
k=0
qk/2Ekk for i = 1, . . . , n,(15)
φ(Zn+1) = 1⊗
∞∑
k=0
√
1− qk+1V Ekk.(16)
It is not difficult to verify that the elements φ(Z1),. . . , φ(Zn+1) satisfy (12)–(14). Thus,
φ extends to a ∗-homomorphism from C∗(Z1, . . . , Zn+1) to Σ
2C∗(z1, . . . , zn).
To define ψ, we first observe that Z∗n+1Zn+1 = qZn+1Z
∗
n+1 + 1 − q ≥ 1 − q holds
by (14). Thus Z∗n+1Zn+1 is invertible and hence Zn+1 admits a polar decomposition
Zn+1 = T |Zn+1| in C
∗(Z1, . . . , Zn+1), with T an isometry. We have (1 − TT
∗)Zn+1 = 0.
Since Zn+1Z
∗
n+1 commutes with Z1, . . . , Zn (by (12) and (13)), so does 1 − TT
∗. Then
one can verify that the elements Zi(1 − TT
∗), i = 1, . . . , n, satisfy relations (12)–(14).
Consequently, there exists a ∗-homomorphism ψ˜ : C∗(z1, . . . , zn) → C
∗(Z1, . . . , Zn+1)
such that ψ˜(zi) = Zi(1 − TT
∗) for i = 1, . . . , n. Since ψ˜(1) = 1 − TT ∗, Proposition 2.2
implies that there is a ∗-homomorphism ψ : Σ2C∗(z1, . . . , zn) → C
∗(Z1, . . . , Zn+1) such
that ψ(1⊗ V ) = T and ψ(a⊗ E00) = ψ˜(a) for all a ∈ C
∗(z1, . . . , zn).
We now verify that φ ◦ ψ = id. Indeed, we have
(φ ◦ ψ)(1⊗ V ) = φ(T ) = φ(Zn+1)φ(Z
∗
n+1Zn+1)
−1/2 = 1⊗ V,
and for i = 1, . . . , n we have
(φ ◦ ψ)(zi ⊗E00) = φ(Zi)φ(1− TT
∗) = φ(Zi)(1⊗E00) = zi ⊗ E00.
These two identities imply that φ ◦ ψ = id. To prove ψ ◦ φ = id we need the following
technical lemma.
Lemma 3.2. Let Zn+1 = T |Zn+1| be the polar decomposition in C
∗(Z1, . . . , Zn+1). Then
the following identities hold:
Zi =
∞∑
k=0
qk/2T kZi(1− TT
∗)(T ∗)k for i = 1, . . . , n,(17)
Zn+1 = T +
∞∑
k=0
(
√
1− qk+1 − 1)T k+1(1− TT ∗)(T ∗)k.(18)
Proof. Let ρ be a representation of C∗(Z1, . . . , Zn+1) on a Hilbert space H. Then, using
the Wold decomposition of ρ(T ), H is a direct sum of two subspaces H0 and H1 such
that ρ(T )|H0 is unitary and H1 is a direct sum of the subspaces ρ(T
k(1 − TT ∗)(T ∗)k)H
for k = 0, 1, . . .. Thus ρ(Zn+1)|H0 is invertible and it follows from (14) that it is unitary,
and hence ρ(Zn+1)|H0 = ρ(T )|H0. Then, using (14) again, one shows by reverse induction
on j that all ρ(Zj)|H0 are zero for j = 1, . . . , n. Thus it suffices to verify (17) and (18) on
H1, and this follows easily from the identities (12)–(14). 
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Back to the proof of ψ ◦ φ = id. By virtue of (18), we have
(ψ ◦ φ)(Zn+1) = ψ
(
1⊗
∞∑
k=0
√
1− qk+1V Ekk
)
= ψ(1⊗ V ) + ψ
(
∞∑
k=0
(
√
1− qk+1 − 1)(1⊗ V k+1)(1⊗ (1− V V ∗))(1⊗ V ∗)k
)
= T +
∞∑
k=0
(
√
1− qk+1 − 1)T k+1(1− TT ∗)(T ∗)k = Zn+1.
Similarly, (17) implies that for i = 1, . . . , n we have
(ψ ◦ φ)(Zi) = ψ
(
zi ⊗
∞∑
k=0
qk/2Ekk
)
= ψ
(
∞∑
k=0
qk/2(1⊗ V k)(zi ⊗ E00)(1⊗ V
∗)k
)
=
∞∑
k=0
qk/2T kZi(1− TT
∗)(T ∗)k = Zi.
These identities entail ψ ◦ φ = id, as required. 
In the remainder of this paper, we suppress the isomorphism φ of Theorem 3.1 and
simply identify C(B2nq ) = C
∗(z1, . . . , zn). We also note that in the course of proof of this
theorem we showed that generators z1, . . . , zn of C(B
2n
q ) and Z1, . . . , Zn+1 of C(B
2(n+1)
q )
are related to one another in accordance with formulae (6)–(7), and hence they satisfy
identity (11).
We define the polynomial algebra O(B2nq ) as the ∗-subalgebra of C(B
2n
q ) generated by
z1, . . . , zn. Remarkably, it turns out that this is exactly the ∗-algebra of twisted canonical
commutation relations (TCCR) of Pusz and Woronowicz [24]. Indeed, the ∗-algebra of
TCCR is generated by elements a1, . . . , an satisfying the relations
ajai = µaiaj for i < j,(19)
aja
∗
i = µa
∗
i aj for i 6= j,(20)
aia
∗
i = 1 + µ
2a∗i ai − (1− µ
2)
n∑
j=i+1
a∗jaj for i = 1, . . . , n.(21)
Setting q = µ2 one obtains an identification of this algebra with our O(B2nq ) through the
simple transformation:
(22) zi =
√
1− qa∗i , for i = 1, . . . , n.
Consequently, C(B2nq ) is isomorphic with the enveloping C
∗-algebra of TCCR. This fact
could also be derived from our realization of C(B2nq ) as the graph algebra C
∗(Mn), com-
bined with the stability results for TCCR obtained in [23] and [18].
3.2. The boundary. We first observe that the generators of C(B2nq ) satisfy
(23)
n∑
j=1
zjz
∗
j ≦ 1.
This inequality is established by induction on n, as follows. In C(B2q ), we have ||z1|| = 1
and hence z1z
∗
1 ≦ 1. Assuming
∑n
j=1 zjz
∗
j ≦ 1 in C(B
2n
q ), we derive
∑n+1
j=1 ZjZ
∗
j ≦ 1 in
C(B
2(n+1)
q ) = Σ2C(B2nq ) from identity (11).
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We define J2n as the closed two-sided ideal of C(B
2n
q ) generated by 1−
∑n
j=1 zjz
∗
j .
Lemma 3.3. J2n is an essential ideal of C(B
2n
q ). Furthermore, J2n is isomorphic with
the compacts K and satisfies J2(n+1) = J2n ⊗K.
Proof. To prove the lemma, we use the identification of C(B2nq ) with the graph algebra
C∗(Mn). The general theory of graph algebras tells us that the closed two-sided ideal J˜2n
of C∗(Mn) generated by projection Pn+1 is essential and isomorphic to the compacts K
[8]. Moreover, it is the only ideal of C∗(Mn) with these two properties. An easy inductive
argument shows that J˜2n ⊗ K is an essential ideal of C(B
2(n+1)
q ) isomorphic with the
compacts. Hence we have J˜2(n+1) = J˜2n ⊗K.
Therefore, it is enough to verify that J˜2n coincides with J2n, that is 1 −
∑n
j=1 zjz
∗
j
generates J˜2n. For this it suffices to check that 1−
∑n
j=1 zjz
∗
j belongs to J˜2n, since J˜2n is
isomorphic with K. We proceed by induction on n. If n = 1 then C(B2q ) is isomorphic
with the Toeplitz algebra and 1−z1z
∗
1 belongs to the ideal of compact operators [19], that
is to J˜2. For the inductive step, suppose that 1−
∑n
j=1 zjz
∗
j is in J˜2n. Then 1−
∑n+1
j=1 ZjZ
∗
j
belongs to J˜2n ⊗K by (11), and thus to J˜2(n+1). 
It is natural to regard the quotient C(B2nq )/J2n as the C
∗-algebra of continuous functions
on the ‘boundary’ of the quantum ball B2nq . Thus, we use the notation
(24) C(∂B2nq ) = C(B
2n
q )/J2n.
Consequently, there is a natural surjection π : C(B2nq )→ C(∂B
2n
q ) and we have an exact
sequence
(25) 0 −→ J2n −→ C(B
2n
q )
pi
−→ C(∂B2nq ) −→ 0.
Since C(B2nq )
∼= C∗(Mn) and ideal J2n is generated by projection Pn+1, it follows
from the general theory of graph algebras that the quotient C(∂B2nq ) is isomorphic to
the C∗-algebra of a graph obtained from Mn by removing vertex vn+1 and all edges
ei,n+1 (1 ≤ i ≤ n). In [15, Section 4.1], this graph was denoted by L2n−1. For example,
by removing vertex v4 from graph M3 we obtain graph L5, which looks as follows.
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The Cuntz-Krieger generators of C∗(L2n−1) are projections {Qi : i = 1, . . . , n} and
partial isometries {Ri,j : i = 1, . . . , n, j = i, . . . , n}. Note that Rn,n is a partial unitary
with domain and range projection Qn. It is worth mentioning that the above identification
and the results of [15] immediately imply that C(∂B
2(n+1)
q ) is isomorphic with the quantum
double suspension of C(∂B2nq ).
Let π : C(B2nq ) → C(∂B
2n
q ) = C(B
2n
q )/J2n be the natural surjection. We define a
polynomial algebra of ∂B2nq as the π image of the polynomials on B
2n
q , that is O(∂B
2n
q ) =
π(O(B2nq )) (cf. Remark 1.3). We denote by wi = π(zi), i = 1, . . . , n, the generators of
O(∂B2nq ). It follows from Theorem 3.1 and Lemma 3.3 that C
∗-algebra C(∂B2nq ) has the
following presentation.
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Proposition 3.4. C(∂B2nq ) is isomorphic with the C
∗-algebra C∗(w1, . . . , wn), universal
for the relations
wiwj = q
1/2wjwi for i < j,(26)
wiw
∗
j = q
−1/2w∗jwi for i < j,(27)
w∗iwi − qwiw
∗
i = (1− q)
(
1−
n∑
j=i+1
wjw
∗
j
)
for i = 1, . . . , n,(28)
n∑
j=1
wjw
∗
j = 1.(29)
Combining (28) with (29) one deduces that element w1 is normal and
(30) w∗iwi − wiw
∗
i = (1− q)
i−1∑
j=1
wjw
∗
j for i = 2, . . . , n.
It turns out that the boundary ∂B2nq of our noncommutative ball B
2n
q is identical with
the unitary quantum sphere S2n−1µ of Vaksman-Soibelman [30] both on the C
∗-algebra and
on the polynomial algebra level. Indeed, in the convention of [15], O(S2n−1µ ) is generated
by n elements z1, . . . , zn satisfying relations (4.1)–(4.4) of [15, Section 4]. We obtain
an identification of this algebra with our O(∂B2nq ) by setting µ
2 = q, zj = wn−j+1 for
j = 1, . . . , n − 1, and zn = w
∗
1. In particular, O(∂B
4
q2) is identical with O(SUq(2)) of
Woronowicz [31].
3.3. The uniqueness criteria. When working with algebras defined by universal prop-
erties it is not difficult to construct their homomorphisms. However, it is usually a much
harder task to decide if a homomorphism is injective or not. Very convenient criteria
of injectivity of homomorphisms (known as uniqueness theorems) have been developed
for the class of graph algebras, to which both C(B2nq ) and C(∂B
2n
q ) belong. Thus, the
general uniqueness theorem for graph algebras [29, Theorem 1.2] implies injectivity cri-
teria of homomorphisms of both C(B2nq ) and C(∂B
2n
q ). Propositions 3.5 and 3.6 contain
reformulations of these criteria in terms of the generators provided by Theorem 3.1 and
Proposition 3.4 of the present paper.
Proposition 3.5. A ∗-homomorphism α from C(B2nq ) into another C
∗-algebra is injective
if and only if α(z1) is not normal.
Proof. Since the element 1 −
∑n
j=1 zjz
∗
j generates an essential, simple ideal of C(B
2n
q )
(namely J2n), a ∗-homomorphism α from C(B
2n
q ) to another C
∗-algebra is injective pro-
vided α(1 −
∑n
j=1 zjz
∗
j ) 6= 0. However, it follows from relation (14) that condition
α(1−
∑n
j=1 zjz
∗
j ) 6= 0 is equivalent to the requirement that α(z1)α(z1)
∗ 6= α(z1)
∗α(z1). 
Proposition 3.6. A ∗-homomorphism α from C(∂B2nq ) into another C
∗-algebra is injec-
tive if and only if the spectrum of α(w1) contains the entire unit circle.
Proof. Let α be a ∗-homomorphism of C(∂B2nq ). After the identification of C(∂B
2n
q ) with
C∗(L2n−1), [29, Theorem 1.2] implies that α is injective if and only if the spectrum of
α(Rn,n) contains the entire unit circle. By [15, Theorem 4.4], this is equivalent to the
requirement that the spectrum of α(bn) (with bn the normal generator of C(S
2n−1
µ ) =
C∗(b1, . . . , bn)) contains the entire unit circle. Since bn is normal and b
∗
n corresponds to
w1 under the identification of C(S
2n−1
µ ) with C(∂B
2n
q ), the proposition follows. 
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4. The ‘odd-dimensional’ noncommutative balls
4.1. The algebra. Using the quantum double suspension, the C∗-algebras C(B2n−1q ) of
the ‘odd-dimensional’ noncommutative balls are defined inductively for all n as follows:
C(B1q ) = C([−1, 1]), C(B
2n+1
q ) = Σ
2C(B2n−1q ).
This definition, based on the general approach developed in [15], first appeared in
[10]. It is shown therein that the primitive ideal space of C(B2n−1q ) consists of n − 1
circles and a closed interval, with certain natural non-Hausdorff topology. This fact
combined with the description of the primitive ideal spaces of all graph C∗-algebras,
given in [16], implies that C(B2n−1q ) are not isomorphic to any graph algebras. Thus,
contrary to the ‘even-dimensional’ case, in the present situation we cannot rely on the
well-established machinery of graph algebras. However, some structural properties of the
C∗-algebras C(B2n−1q ) may be deduced from their inductive definition via the quantum
double suspension. In particular, their K-groups can be calculated this way and shown
to coincide with those of the classical balls.
Proposition 4.1. We have K1(C(B
2n−1
q )) = 0, and K0(C(B
2n−1
q ))
∼= Z generated by the
class of identity [1]0.
Proof. This is easily proved by induction on n, applying the six-term exact sequence of
K-theory to extension (5). 
Now we define generators of C(B2n−1q ) and thus introduce their polynomial algebras.
The C∗-algebra C([−1, 1]) is generated by one element x1 satisfying x1 = x
∗
1 and x
2
1 ≦ 1.
Applying inductively the method of Section 2, we obtain the generators and relations for
C(B2n−1q ), as follows.
Theorem 4.2. C(B2n−1q ) is isomorphic with the C
∗-algebra C∗(x1, . . . , xn), universal for
the relations
x1 = x
∗
1,(31)
xixj = q
1/2xjxi for i < j,(32)
xix
∗
j = q
−1/2x∗jxi for 2 ≦ i < j,(33)
x∗ixi − qxix
∗
i = (1− q)
(
1−
n∑
j=i+1
xjx
∗
j
)
for i = 2, . . . , n,(34)
x21 +
n∑
j=2
xjx
∗
j ≦ 1.(35)
Proof. The following line of proof is very similar to the one from Theorem 3.1. Therefore
we only sketch the main points.
Contrary to relations (12)–(14) of the ‘even-dimensional’ noncommutative balls which
admit representations in unbounded operators, in the present case we always have ||xj|| ≤
1 due to (35). To establish the required isomorphism, we proceed by induction on n. Case
n = 1 is obvious. For the inductive step, suppose C(B2n−1q )
∼= C∗(x1, . . . , xn), and let
C∗(X1, . . . , Xn+1) be the universal C
∗-algebra for relations (31)–(35), with n replaced
by n + 1. We must show that there exist ∗-homomorphisms φ : C∗(X1, . . . , Xn+1) →
Σ2C∗(x1, . . . , xn) and ψ : Σ
2C∗(x1, . . . , xn)→ C
∗(X1, . . . , Xn+1) such that ψ ◦ φ = id and
φ ◦ ψ = id. These two maps are defined as in the proof of Theorem 3.1. Namely, φ maps
X1, . . . , Xn+1 to the n+1 generators of Σ
2C∗(x1, . . . , xn) given by formulae (6)–(7). Obvi-
ously, elements φ(X1), . . . , φ(Xn+1) satisfy (31)–(34). They fulfill (35) thanks to identity
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(11). As in the proof of Theorem 3.1, one verifies that Xn+1 admits a polar decomposi-
tion T |Xn+1| in C
∗(X1, . . . , Xn+1). Then a map ψ˜ : C
∗(x1, . . . , xn) → C
∗(X1, . . . , Xn+1)
is defined by ψ˜(xi) = Xi(1− TT
∗) for i = 1, . . . , n. Finally, ψ is constructed with help of
Proposition 2.2 so that ψ(1 ⊗ V ) = T and ψ(a⊗ E00) = ψ˜(a) for all a ∈ C
∗(x1, . . . , xn).
Verification of the identities φ ◦ψ = id and ψ ◦φ = id is carried out in the same way as in
Theorem 3.1. In particular, Lemma 3.2 remains valid for operators Xj, j = 1, . . . , n+ 1,
satisfying (31)–(35). 
In the remainder of this paper, we simply identify C(B2n−1q ) = C
∗(x1, . . . , xn). We
define the polynomial algebra O(B2n−1q ) as the ∗-subalgebra of C(B
2n−1
q ) generated by
x1, . . . , xn.
4.2. The boundary. We define J2n−1 as the closed, two-sided ideal of C(B
2n−1
q ) gener-
ated by 1 − x21 −
∑n
j=2 xjx
∗
j . In order to match the requirements of Section 1, this ideal
must be essential.
Lemma 4.3. J2n−1 is an essential ideal of C(B
2n−1
q ). Furthermore, J2n+1 = J2n−1 ⊗K.
Proof. At first we observe that J2n+1 = J2n−1 ⊗K holds by identity (11), since x1 is self-
adjoint. Now we proceed by induction on n. If n = 1 then C(B1q ) = C([−1, 1]) and J1 =
{f ∈ C([−1, 1]) : f(−1) = f(1) = 0}. Thus J1 is essential in C(B
1
q ). For the inductive
step, suppose that J2n−1 is essential in C(B
2n−1
q ). Then J2n+1 = J2n−1 ⊗K is essential in
C(B2n−1q )⊗ K. Since, by definition of the quantum double suspension, C(B
2n−1
q ) ⊗ K is
an essential ideal of C(B2n+1q ) = Σ
2C(B2n−1q ), the inductive step follows. 
As an immediate corollary of Lemma 4.3 we see that J2n−1 ∼= C0(R)⊗K for n ≥ 2.
Analogously to the ‘even-dimensional’ case we define the boundary of B2n−1q by taking
quotient of its C∗-algebra with J2n−1, as follows.
C(∂B2n−1q ) = C(B
2n−1
q )/J2n−1.
Then, with the natural surjection π : C(B2n−1q )→ C(∂B
2n−1
q ), we have an exact sequence
(36) 0 −→ J2n−1 −→ C(B
2n−1
q )
pi
−→ C(∂B2n−1q ) −→ 0.
We define the polynomial algebra of ∂B2n−1q as the π image of the polynomials on B
2n−1
q ,
that is O(∂B2n−1q ) = π(O(B
2n−1
q )). We denote by ti = π(xi), i = 1, . . . , n, the generators
of O(∂B2n−1q ). In terms of these generators, the C
∗-algebra C(∂B2n−1q ) has the following
presentation, which follows immediately from Theorem 4.2 and our definitions.
Proposition 4.4. C(∂B2n−1q ) is isomorphic with the C
∗-algebra C∗(t1, . . . , tn), universal
for the relations
t1 = t
∗
1,(37)
titj = q
1/2tjti for i < j,(38)
tit
∗
j = q
−1/2t∗j ti for 2 ≦ i < j,(39)
t∗i ti − qtit
∗
i = (1− q)
(
1−
n∑
j=i+1
tjt
∗
j
)
for i = 2, . . . , n,(40)
t21 +
n∑
j=2
tjt
∗
j = 1.(41)
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It is useful to observe that combining (40) with (41) one obtains
(42) t∗i ti − tit
∗
i = (1− q)
(
t21 +
i−1∑
j=2
tjt
∗
j
)
.
In the case of n = 2 we have the following presentation of C(∂B3q ) = C
∗(t1, t2):
t1 = t
∗
1, t1t2 = q
1/2t2t1, t
∗
2t2 − qt2t
∗
2 = 1− q, t
2
1 + t2t
∗
2 = 1.
These are exactly the relations defining the equatorial Podles´ sphere [22, Formulae (7b)],
with identification t1 = A, t2 = B
∗, and q = µ4. More generally, our algebras O(∂B2n−1q )
are easily seen to coincide with the algebras A(S2n−2µ ) of ‘even-dimensional’ Euclidean
quantum spheres studied in [9, 14]. Indeed, using the presentation for A(S2n−2µ ) in terms of
generators c0, . . . , cn−1 (with quantization parameter µ) given in [14, Section 2], we obtain
an identification of this algebra with our O(∂B2n−1q ) by setting µ
2 = q and cj−1 = µ
n−jtj
for j = 1, . . . , n.
Remark 4.5. It is worth noting that unlike the C∗-algebras C(B2n−1q ) of the noncommu-
tative ‘odd-dimensional’ balls, the C∗-algebras C(∂B2n−1q ) of their boundaries are isomor-
phic with certain graph algebras. Indeed, it follows immediately from Propositions 3.4
and 4.4 that C(∂B2n−1q ) is isomorphic to the quotient of C(∂B
2n
q ) by the ideal generated
by w1 − w
∗
1. By virtue of our identification of C(∂B
2n
q ) with C(S
2n−1
m u) and [15, Propo-
sition 5.1], we have C(∂B2n−1q )
∼= C∗(L2n−2) where L2n−2 is the directed graph described
therein. This fact and [15, Example 6.4] imply that C∗-algebra C(∂B2n+1q ) is isomorphic
with the quantum double suspension Σ2C(∂B2n−1q ).
Since C(∂B2n−1q ) is isomorphic to a graph algebra, [29, Theorem 1.2] yields a criterion
of injectivity of its homomorphisms. The following is a reformulation of this criterion in
terms of the generators from Proposition 4.4.
Proposition 4.6. A ∗-homomorphism α from C(∂B2n−1q ) into another C
∗-algebra is in-
jective if and only if the spectrum of α(t1) contains both positive and negative numbers.
5. The ‘even-dimensional’ glued quantum spheres
For any complex numbers λ1, . . . , λn of modulus one there exists a ∗-automorphism β
of O(∂B2nq ) such that
(43) β(wj) = λjwj for j = 1, . . . , n, or
(44) β(w1) = λ1w
∗
1, β(wj) = λjwj for j = 2, . . . , n.
Any such an automorphism extends to the C∗-algebra C(∂B2nq ) and the extension is
still denoted β. We define C∗-algebras C(S2nq,β) of the ‘even-dimensional’ glued quantum
spheres as the corresponding doubles
C(S2nq,β) = C(B
2n
q )⊕β C(B
2n
q ),
according to the general recipe given in (3). These are type I C∗-algebras and the exact
sequence (4) in the present case takes the form
(45) 0 −→ J2n ⊕ J2n −→ C(S
2n
q,β) −→ C(∂B
2n
q ) −→ 0,
with J2n ∼= K. Consequently, regardless of the choice of β, the primitive ideal space of
C(S2nq,β) consists of two points and n circles, with certain non-Hausdorff topology.
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If β1 and β2 are automorphisms of C(∂B
2n
q ) both of type (43) or both of type (44),
respectively, then β−11 ◦ β2 is of the form (43). Since any automorphism of type (43)
admits a lift to an automorphism of C(B2nq ), Proposition 1.2 implies that the choice of
the scalars λj does not affect the isomorphism class of C(S
2n
q,β). Consequently, it suffices
to consider two cases only: β = id and β(w1) = w
∗
1, β(wj) = wj for j = 2, . . . , n. We
will show, below, that these two choices yield non-isomorphic C∗-algebras. While β = id
gives rise to previously known quantum spheres, the latter case produces a new class of
quantum spheres which we call mirror quantum spheres. This construction and analysis
generalizes results from [13], applicable to the case of C(S2q,β).
We define the polynomial algebra O(S2nq,β) as follows. If β is of the form (43), then
O(S2nq,β) is the ∗-subalgebra of C(S
2n
q,β) generated by
e0 =


(
1−
n∑
j=1
zjz
∗
j
)1/2
, −
(
1−
n∑
j=1
zjz
∗
j
)1/2 ,(46)
ei = (λizi, zi), for i = 1, . . . , n.(47)
Note that element e0 in (46) is well-defined by virtue of inequality (23). If β is of the
form (44), then O(S2nq,β) is the ∗-subalgebra of C(S
2n
q,β) generated by
e0 =

(1− z∗1z1 − n∑
j=2
zjz
∗
j
)1/2
, −
(
1−
n∑
j=1
zjz
∗
j
)1/2 ,(48)
e1 = (λ1z
∗
1 , z1),(49)
ei = (λizi, zi), for i = 2, . . . , n.(50)
Again, note that element e0 in (48) is well-defined, since 1 − z
∗
1z1 −
∑n
j=2 zjz
∗
j ≥ 0, or
equivalently z∗1z1 ≥ z1z
∗
1 (use (23) and (14)). This last inequality is proved for C(B
2n
q ) by
induction on n. Indeed, 1− z∗1z1 = q(1− z1z
∗
1) ≦ 1− z1z
∗
1 in C(B
2
q ), and for the inductive
step use (15).
In either case, it is not difficult to verify that O(S2nq,β) is a dense ∗-subalgebra of C(S
2n
q,β).
We now show that automorphisms of type (43) lead to quantum spheres S2nq,β identical
with the previously discussed boundaries of noncommutative ‘odd-dimensional’ balls. To
this end, we prove that there exists a C∗-algebra isomorphism from C(∂B2n+1q ) to C(S
2n
q,β)
which preserves their polynomial algebras.
Proposition 5.1. Let β be a ∗-automorphism of C(∂B2nq ) of the form (43). Then there
exists an isomorphism
φ : C(∂B2n+1q )→ C(S
2n
q,β)
such that φ(ti) = ei−1 for i = 1, . . . , n+ 1.
Proof. Such a ∗-homomorphism φ : C(∂B2n+1q )→ C(S
2n
q,β) exists by the universal property
of C(∂B2n+1q ) from Proposition 4.4. Indeed, elements e0, e1, . . . , en of C(S
2n
q,β) satisfy
relations (37)–(41) for t1, . . . , tn+1. The only non-trivial condition e0ei = q
1/2eie0, i =
1, . . . n, holds due to the following identity satisfied in C(B2nq ) = C
∗(z1, z2, · · · , zn):
(51)
(
1−
n∑
j=1
zjz
∗
j
)1/2
zi = q
1/2zi
(
1−
n∑
j=1
zjz
∗
j
)1/2
for all i = 1, . . . , n,
which may be verified by a straightforward induction based on (11).
Surjectivity of φ is obvious, while its injectivity follows from Proposition 4.6. 
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Remark 5.2. In view of Proposition 5.1 and the discussion following Proposition 4.4, we
may conclude that the same ‘even-dimensional’ quantum spheres can be obtained through
one of the following four distinct constructions:
(i) as homogeneous spaces of the quantum orthogonal groups,
(ii) as boundaries of ‘odd-dimensional’ noncommutative balls,
(iii) by gluing ‘even-dimensional’ noncommutative balls along their boundaries, and
(iv) by repeated application of the quantum double suspension applied to the clas-
sical 2-point space.
If the boundary automorphism is of the form (44), then it is not clear whether the
generators of C(S2nq,β) have universal property with respect to a finite set of algebraic
relations, as is the case with C(S2nq,id)
∼= C(∂B2n+1q ) (see Propositions 5.1 and 4.4). In
the special case of C(S2q,β), such a presentation was given in [13] after enlarging the
polynomial algebra by the positive e+0 and the negative e
−
0 parts of e0. However, elements
e+0 , e
−
0 correspond to continuous but not differentiable functions. Thus we prefer not to
include them in our polynomial algebra O(S2nq,β).
Our next goal is comparison of the C∗-algebras corresponding to the two distinct forms
of the boundary automorphism β. This will be achieved by a careful analysis of their
K-theory. A natural basis for calculating the K-theory of C(S2nq,β) = C(B
2n
q ) ⊕β C(B
2n
q )
is the exact sequence (45).
Theorem 5.3. Let β be a ∗-automorphism of C(∂B2nq ) of the form (43) or (44). We have
K0(C(S
2n
q,β))
∼= Z2 and K1(C(S
2n
q,β)) = 0.
Generators of the K0 group depend on β as follows.
(i) If β is of the form (43) then the K0 group is generated by [1]0 and [p1]0 = −[p2]0.
(ii) If β is of the form (44) then the K0 group is generated by [1]0 and [p1]0 = [p2]0.
Herein, p1 and p2 are minimal projections in J2n ⊕ 0 and 0⊕ J2n, respectively.
Proof. If β is of the form (43), then these claims follow from the identifications summarized
in Remark 5.2 and the results of [15]. Thus, we may consider only the case when β is of
the form (44). Furthermore, we may take all the scalars λi to be equal to 1, and thus
β(w1) = w
∗
1, β(wj) = wj for j = 2, . . . , n.
It is more convenient to view C(B2nq ) as the graph algebra C
∗(Mn), and thus C(S
2n
q,β) =
C∗(Mn) ⊕β C
∗(Mn). Likewise C(∂B
2n
q ) is the graph algebra C
∗(L2n−1), as explained in
Section 3. Then in terms of the Cuntz-Krieger generators of C∗(L2n−1), the automorphism
β acts as β(Ri,j) = Ri,j for i = 1, . . . , n−1, j = i, . . . , n, and β(Rn,n) = R
∗
n,n. This is easily
seen by combining [15, Theorem 4.4] and our identification of C(∂B2nq ) with C(S
2n−1
µ )
given below Proposition 3.4. Now sequence (45) takes the form
(52) 0 −→ K⊕K −→ C∗(Mn)⊕β C
∗(Mn) −→ C
∗(L2n−1) −→ 0.
Applying the six-term exact sequence of K-theory we get
(53)
K0(K ⊕K) ∼= Z
2 −−−→ K0(C(S
2n
q,β)) −−−→ Z
∂ind
x y
K1(C
∗(L2n−1)) ∼= Z ←−−− K1(C(S
2n
q,β)) ←−−− 0
We must determine the index map. To this end, note that the K1 group of C
∗(L2n−1)
is generated by the class of unitary U˜ = Rn,n + 1 − Qn, due to Rørdam’s description
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of generators of the K1 group of a Cuntz-Krieger algebra [26]. This U˜ lifts to a partial
isometry U = (Sn,n + 1− Pn, S
∗
n,n + 1− Pn) in C
∗(Mn)⊕β C
∗(Mn). Hence
∂ind([U˜ ]1) = [1− U
∗U ]0 − [1− UU
∗]0 = [(0, Pn+1)]0 − [(Pn+1, 0)]0 ∈ K0(K ⊕K).
Since Pn+1 is a minimal projection in the ideal K, we have ∂ind(1) = (−1, 1). This
immediately implies that K0(C(S
2n
q,β))
∼= Z2 and K1(C(S
2n
q,β)) = 0.
Since K0(C(∂B
2n
q )) is generated by [1]0, K0(C(S
2n
q,β)) is generated by the classes of
minimal projections in K⊕K and the class of identity. However, inK0(C
∗(Mn)⊕βC
∗(Mn))
we have
0 = [1− U∗U ]0 − [1− UU
∗]0 = [(0, Pn+1)]0 − [(Pn+1, 0)]0,
and hence [(0, Pn+1)]0 = [(Pn+1, 0)]0. Consequently, K0(C(S
2n
q,β)) is generated by [1]0 and
[p1]0 = [p2]0, where p1 and p2 are minimal projections in J2n⊕ 0 and 0⊕J2n, respectively.

Alternatively, the K-theory of K0(C(S
2n
q,β)) may be determined with help of the Mayer-
Vietoris argument (cf. [2]).
Corollary 5.4. Let β be a ∗-automorphism of C(∂B2nq ) of the form (44). Then C(S
2n
q,β)
is not stably isomorphic to C(S2nq,id).
Comparing the C∗-algebras C(S2nq,β) with the boundary automorphisms β of the form
(43) or (44), we see that they are type I, have homeomorphic primitive ideal spaces and
isomorphic K-groups. And yet these C∗-algebras are non-isomorphic. In addition, Corol-
lary 5.4 combined with Proposition 1.2 implies that the automorphism β of C(∂B2nq ) such
that β(w1) = w
∗
1, β(wi) = wi for i = 2, . . . , n, does not admit a lift to an automorphism
of C(B2nq ).
Corollary 5.5. Let β be a ∗-automorphism of C(∂B2nq ) of the form (43) or (44). Then
the K-homology groups are K0(C(S2nq,β))
∼= Z2 and K1(C(S2nq,β)) = 0.
Proof. Since K0(C(S
2n
q,β))
∼= Z2 and K1(C(S
2n
q,β)) = 0, the Universal Coefficient Theorem
[27] immediately implies that also K0(C(S2nq,β))
∼= Z2 and K1(C(S2nq,β)) = 0. 
6. The ‘odd-dimensional’ glued quantum spheres
We now briefly go over the case of ‘odd-dimensional’ glued quantum spheres. Unlike
the previously discussed ‘even-dimensional’ case, this time we do not obtain any new
examples of quantum spheres.
For any complex numbers λ2, . . . , λn of modulus one there exists a ∗-automorphism β
of O(∂B2n−1q ) such that
(54) β(t1) = t1, β(tj) = λjtj for j = 2, . . . , n, or
(55) β(t1) = −t1, β(tj) = λjtj for j = 2, . . . , n.
Both automorphisms extend to the C∗-algebra C(∂B2n−1q ) and the extensions are still
denoted β. Let
C(S2n−1q,β ) = C(B
2n−1
q )⊕β C(B
2n−1
q )
be the corresponding double, as defined in (3). Regardless of the choice of such an
automorphism β, all of the C∗-algebras C(S2n−1q,β ) are isomorphic by Proposition 1.2.
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We define the polynomial algebra O(S2n−1q,β ) as follows. If β is of the form (54), then
O(S2n−1q,β ) is the ∗-subalgebra of C(S
2n−1
q,β ) generated by
f0 =


(
1− x21 −
n∑
j=2
xjx
∗
j
)1/2
, −
(
1− x21 −
n∑
j=2
xjx
∗
j
)1/2 ,(56)
f1 = (x1, x1),(57)
fi = (λixi, xi), for i = 2, . . . , n.(58)
If β is of the form (55), then O(S2n−1q,β ) is the analogous ∗-subalgebra of C(S
2n−1
q,β ), except
(59) f1 = (−x1, x1).
In either case, O(S2n−1q,β ) is a dense ∗-subalgebra of C(S
2n−1
q,β ). Furthermore, it turns
out that these algebras are isomorphic with the polynomial algebras O(∂B2nq ) of the
boundaries of ‘even-dimensional’ noncommutative balls. To prove this fact, we show that
there exists a C∗-algebra isomorphism from C(∂B2nq ) to C(S
2n−1
q,β ) which preserves their
polynomial algebras.
Proposition 6.1. Let β be a ∗-automorphism of C(∂B2n−1q ) of the form (54) or (55).
Then there exists an isomorphism
φ : C(∂B2nq )→ C(S
2n−1
q,β )
such that φ(w1) = f0 + if1 and φ(wk) = fk for k = 2, . . . , n.
Proof. Such a ∗-homomorphism φ : C(∂B2nq ) → C(S
2n−1
q,β ) exists by the universal prop-
erty of C(∂B2nq ) from Proposition 3.4. Indeed, elements f0 + if1, f2, . . . , fn of C(S
2n−1
q,β )
satisfy relations (26)–(29) for w1, . . . , wn. This follows easily from our definitions and the
following two identities which hold in C(B2n−1q ):(
1− x21 −
n∑
j=2
xjx
∗
j
)1/2
x1 = x1
(
1− x21 −
n∑
j=2
xjx
∗
j
)1/2
,(60)
(
1− x21 −
n∑
j=2
xjx
∗
j
)1/2
xi = q
1/2xi
(
1− x21 −
n∑
j=2
xjx
∗
j
)1/2
, i = 2, . . . , n.(61)
Surjectivity of φ is clear, while its injectivity follows from Proposition 3.6. 
Remark 6.2. In view of Proposition 6.1 and the discussion following Proposition 3.4, we
may conclude that the same ‘odd-dimensional’ quantum spheres can be obtained through
one of the following four distinct constructions:
(i) as homogeneous spaces of the quantum unitary groups,
(ii) as boundaries of ‘even-dimensional’ noncommutative balls,
(iii) by gluing ‘odd-dimensional’ noncommutative balls along their boundaries, and
(iv) by repeated application of the quantum double suspension applied to the clas-
sical circle S1.
7. Irreducible representations
In this section, we give explicit formulae for irreducible representations of the noncom-
mutative balls C(Bnq ) and the mirror quantum spheres C(S
2n
q,β). Since the C
∗-algebras
C(∂Bnq ) and C(S
2n−1
q,β ) are isomorphic to the well-studied quantum spheres, their irre-
ducible representations are already available in the literature.
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7.1. Irreducible representations of the noncommutative balls. Routine proofs of
the following Propositions 7.1 and 7.2 are omitted. They are established by induction
based on the exact sequence
0 −→ C(Bnq )⊗K −→ C(B
n+2
q ) −→ C(S
1) −→ 0
and formulae (6)–(7). We use the following notation. Hm denotes a Hilbert space with
an orthonormal basis {ξk1,...,km : ki = 0, 1, . . .}, and Sr is a weighted shift on Hm defined
by
Sr(ξk1,...,km) =
{√
(1− q1+kr)qkr+1+kr+2···+kmξk1,...,kr−1,1+kr,kr+1,...,km, 1 ≤ r ≤ m− 1√
1− q1+kmξk1,...,km−1,1+km, r = m.
Proposition 7.1. The following is a complete (up to unitary equivalence) list of irre-
ducible representations of the C∗-algebra C(B2nq ) = C
∗(z1, . . . , zn):
Irr(B2nq ) = {ρ
θ
1, ρ
θ
2, ρ
θ
3, . . . , ρ
θ
n : θ ∈ C, |θ| = 1} ∪ {σ}.
Herein representations ρθ1 are 1-dimensional, ρ
θ
j , j = 2, . . . , n, act on Hj−1, and σ acts
on Hn. On the generators z1, . . . , zn, these representations are given by the following
formulae:
ρθ1(zi) =
{
0, 1 ≤ i ≤ n− 1
θ, i = n
ρθj(zi)ξk1,...,kj−1 =


0, 1 ≤ i ≤ n− j
θq(k1+k2+···+kj−1)/2ξk1,...,kj−1 , i = n− j + 1
Si+j−n−1(ξk1,...,kj−1), n− j + 2 ≤ i ≤ n
σ(zi)ξk1,...,kn = Si(ξk1,...,kn), 1 ≤ i ≤ n
Considering exact sequence (25), we see that σ of Proposition 7.1 is an extension to
C(B2nq ) of the irreducible representation of the ideal J2n
∼= K, while ρθj , j = 1, . . . , n are
the lifts of the irreducible representations of the quotient C(∂B2nq ).
Proposition 7.2. The following is a complete (up to unitary equivalence) list of irre-
ducible representations of the C∗-algebra C(B2n+1q ) = C
∗(x1, . . . , xn+1):
Irr(B2n+1q ) = {η
θ
1, η
θ
2, η
θ
3, . . . , η
θ
n : θ ∈ C, |θ| = 1} ∪ {σs : s ∈ [−1, 1]}.
Herein representations ηθ1 are 1-dimensional, η
θ
j , j = 2, . . . , n, act on Hj−1, and σs act
on Hn. On the generators x1, . . . , xn+1, these representations are given by the following
formulae:
ηθ1(xi) =
{
0, 1 ≤ i ≤ n
θ, i = n+ 1
ηθj (xi)ξk1,...,kj−1 =


0, 1 ≤ i ≤ n− j + 1
θq(k1+k2+···+kj−1)/2ξk1,...,kj−1, i = n− j + 2
Si+j−n−2(ξk1,...,kj−1), n− j + 3 ≤ i ≤ n+ 1
σs(xi)ξk1,...,kn =
{
sq(k1+k2+···+kn)/2ξk1,...,kn, i = 1
Si−1(ξk1,...,kn), 2 ≤ i ≤ n + 1
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Considering exact sequence (36), we see that σs, s ∈ (−1, 1) of Proposition 7.2 are
extensions to C(B2n+1q ) of irreducible representations of the ideal J2n+1
∼= C0(R) ⊗ K,
while σ±1 and ρ
θ
j , j = 1, . . . , n are the lifts of irreducible representations of the quotient
C(∂B2n+1q ).
Remark 7.3. A more direct proof of Proposition 4.6 may be constructed with help of
Proposition 7.2, as follows. Of all the irreducible representations of C(B2n−1q ) only σ±1
and ρθj , j = 1, . . . , n descend to C(∂B
2n−1
q ). Then it is not difficult to observe that σ1⊕σ−1
is faithful on C(∂B2n−1q ). This immediately implies Proposition 4.6.
7.2. Irreducible representations of the mirror quantum spheres. We now turn to
description of irreducible representations of the mirror quantum spheres C(S2nq,β), corre-
sponding to automorphisms β given by formula (44). It suffices to consider the case with
λj = 1 for all j = 1, . . . , n.
Proposition 7.4. Let β be an automorphism of C(∂B2nq ) given by (44) with λj = 1 for
all j = 1, . . . , n. The following is a complete (up to unitary equivalence) list of irreducible
representations of the C∗-algebra C(S2nq,β) = C
∗(e0, e1, . . . , en):
Irr(S2nq,β) = {̺
θ
1, ̺
θ
2, ̺
θ
3, . . . , ̺
θ
n : θ ∈ C, |θ| = 1} ∪ {σ+, σ−}.
Herein representations ̺θ1 are 1-dimensional, ̺
θ
j , j = 2, . . . , n, act on Hj−1, and σ+, σ− act
on Hn. On the generators e0, e1, . . . , en, these representations are given by the following
formulae:
̺θ1(ei) =
{
0, 0 ≤ i ≤ n− 1
θ, i = n
for 2 ≤ j ≤ n− 1, ̺θj(ei)ξk1,...,kj−1 =


0, 0 ≤ i ≤ n− j
θq(k1+k2+···+kj−1)/2ξk1,...,kj−1, i = n− j + 1
Si+j−n−1(ξk1,...,kj−1), n− j + 2 ≤ i ≤ n
̺θn(ei)ξk1,...,kn−1 =


0, i = 0
θq(k1+k2+···+kn−1)/2ξk1,...,kn−1, i = 1
Si−1(ξk1,...,kn−1), 2 ≤ i ≤ n
σ+(ei)ξk1,...,kn =


q(1+k1+k2+···+kn)/2ξk1,...,kn, i = 0
S∗1(ξk1,...,kn), i = 1
Si(ξk1,...,kn), 2 ≤ i ≤ n
σ−(ei)ξk1,...,kn =
{
−q(k1+k2+···+kn)/2ξk1,...,kn, i = 0
Si(ξk1,...,kn), 1 ≤ i ≤ n
Proof. Throughout this proof we denote by aj, bj , j = 0, . . . , n the elements of C(B
2n
q )
such that ej = (aj, bj) in formulae (48)–(50).
To calculate irreducible representations of C(S2nq,β) we use exact sequence (45). Thus
Irr(C(S2nq,β)) is the disjoint union of Irr(J2n ⊕ J2n) and Irr(C(∂B
2n
q )).
Since J2n ⊕ 0 ∼= K, this ideal has a unique irreducible representation, whose extension
to C(S2nq,β) we denote σ+. If we identify C(S
2n
q,β) with the algebra C(B
2n
q ) ⊕β C(B
2n
q ) of
the pull-back diagram (3), then for x ∈ J2n we have identification ej(x ⊕ 0) = (ajx, 0).
Consequently σ+(ej) = σ(aj), where σ is the irreducible representation of C(B
2n
q ) from
Proposition 7.1. Similarly, σ−(ej) = σ(bj).
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Let ρ be an irreducible representation of C(∂B2nq ) and let ρ˜ be its lift to C(S
2n
q,β). Then
ρ ◦ π ∈ Irr(C(B2nq )) and ρ ◦ π(J2n) = {0}. Thus there exist i and θ such that ρ ◦ π = ρ
θ
i ,
where ρθi is one of the representations of C(B
2n
q ) from Proposition 7.1. But the quotient of
C(S2nq,β) by the ideal J2n ⊕ 0 may be identified with C(B
2n
q ) in such a way that the image
(under the natural surjection) of each ej is aj . Thus ρ˜(ej) = ρ
θ
i (aj) and a straightforward
calculation yields ρ˜ = ̺θi , as above. 
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